When asymptotic series are used in approximating the solutions of linear ordinary differential equations it is desirable to have an estimate of the accuracy of that approximation. Older estimates of this kind are either difficult to obtain or of limited applicability. A simple method of making such estimates is presented here. It applies to linear second order differential equations, and for higher order differential equations it can be replaced by another and more laborious method.1 The results of this article can also be used to determine the number of terms of an asymptotic expansion giving the best approximation to the desired solution.
When asymptotic series are used in approximating the solutions of linear ordinary differential equations it is desirable to have an estimate of the accuracy of that approximation. Older estimates of this kind are either difficult to obtain or of limited applicability. A simple method of making such estimates is presented here. It applies to linear second order differential equations, and for higher order differential equations it can be replaced by another and more laborious method.1 The results of this article can also be used to determine the number of terms of an asymptotic expansion giving the best approximation to the desired solution.
The approximate solution of a given linear differential equation contains a fixed number of leading terms in an asymptotic expansion, and it differs from the correct solution by an error which, in its turn, is the solution of a second differential equation. This second differential equation is henceforth called the "related equation" because it is intimately related to the given differential equation. Its appropriate particular solution is the error inherent in the approximate solution of the given equation.2 However, the order of the related equation is one less than that of the given equation, so that whenever the given equation is of second order the related equation is of first order. In this case of a first order linear related equation its appropriate particular solution (the error to be evaluated) can be obtained by merely multiplying by an integrating factor and then integrating. For the resulting error integral, an upper bound is easily estimated, but the obtained result does not in general agree with the widely-held belief that the size of the error is comparable with that of the first neglected term in the asymptotic expansion. In fact, it generally turns out to be a sum of multiples (or fractions) of more than one of the neglected terms.
The description to follow in this article gives a general formulation of the error estimation, with a step-by-step parallel illustration of it in the treatment of a specific given differential equation. Equations of the general formulation are given numbers, and the corresponding equations of the illustration are given like numbers, together with the letter "a" after them-so, for example, (3) and (3a) would be corresponding general and specific equations, respectively. Also, the variables used in the specific example have a terminal subscript "a". The selected illustrative example is shown later to have hypergeometric and Bessel subcases, but it is more general than either of these in order that it may also represent those cases in which the bound on the error contains more than one term. Finally, one of its subcases is used to provide an example in which *Received July 12, 1953; revised manuscript received Dec. 21, 1953 . Presented in part to the American Mathematical Society at Kingston, Ontario, Sept. 4, 1953 . Developed under the Office of Ordnance
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'Robert L. Evans, Proc. Am. Math. Soc., in press. 2This scheme was conceived after reading Thorkell Thorkelsson's work on "Divergent -power series", Societas Scientiarum Islandica, 17, Reykjavik, 1934. KOTES [Vol. XII, No. 3 the smallest term of the asymptotic expansion is not the first term omitted by or included in, the best approximation of the desired solution.
To specify the method of treatment, let
be the general given differential equation, in operator notation, and let one of its n linearly independent solutions be
where y satisfies the differential equation3 (the "given equation" of the preceding discussion) : 
Assume that y{x) is such that
is a valid asymptotic representation in a particular sector S of | x | > x0 . Analogously, assume that »■<*> ~ 5
is the corresponding asymptotic expansion for the ya(x) of (3a). The powers p of (4) and pa of (4a) are later defined by (8) and (8a), respectively, and it is assumed that no logarithms need be introduced in (4). Before proceeding to further detail, let us outline the treatment by defining the approximate solutions of (3) and (3a) by 
3The transformation from (1) to (3) was described in detail by C. E. 
v-0 which is to be associated with the conditions determining the expansion in ( respectively. The insertion of substitutions (9) in (7) gives the recurrence relation that is satisfied by the C(a)'s and which corresponds to an nth order differential equation
where M( ) is a differential operator. The corresponding result for va(x) is, from (9) and (7a) 
In the final step of getting the desired differential equation for v(x) one combines (6) and (3) in the form
to find, in view of (10), that
This linear differential equation in v(x) has an (n -l)th order differential operator on the left-hand side and a known function of the last m terms of (5) (or all N terms if m > N) on the right-hand side. The discrepancy between u(x) and y(x) is that vix) which is a particular solution of (11) 
Since the T's are the last terms of ua{x) this bound usually differs from the commonly guessed value, | Tn-1 |, so that latter guess is usually erroneous. Discussion. The illustrative example has two or more well-known differential equations as special cases. When Ax = 1, A3 = k, A4 = 1/4 -m2, and A2 = A5 = 0, Eq. (3a) becomes the confluent hypergeometric equation and when At = -2, A2 = -A3 = 1, At = -n2, and As = 0, Eq. (3a) has as a solution the product of ex and the modified Bessel function of the second kind.5 Since As = 0 in both these subcases the last two terms in (13a) are then zero.
When is ^ 0 the recurrence relation (7a) is of second order and (12a) shows that error v{x) then depends on the last two terms in approximate solution ua(x), rather than just the last one. However, the terms involving A5 [in (13a)] are often of smaller magnitude than the other terms. NOTES [Vol. XII, No. 3 In the usual use of asymptotic approximations it is a common practice to take N such that TN-i is the smallest term in the asymptotic series. In many cases it is not clear which of two successive integers is to be taken as N, and this uncertainty is said to reflect an error comparable to | TN_, |. Our (12a) and (13a) show that this earlier estimate may often be scarcely better than a crude guess and should be replaced by the present result.
A further complication can arise when term magnitude | TV-1 | = | [ca (N -1)] £p"+1~a | passes through more than one relative minimum with respect to N. In such cases it may happen that the term minimum of smallest magnitude does not occur at the N value giving the smallest error, va(x). For instance, this arises in our example when Ai -x -1, A3 = -pa = 0.3, A2 = 4.2 and At = Ab = 0. In this case | T\ | and | Tb | are relative minima of | TN_, |, and | Tx | is about 20 times greater than | Tr, But the error involved in taking (N -1) = 1 is less than a third of that involved in taking (N -1) =5 and less than a sixth of | 1\ j itself.
One concludes, therefore, that for most accurate asymptotic approximation one must minimize the error, va(x), with respect to the number of terms in ua{x) -N-for each specific differential equation and for each chosen value of the independent variable, x. This can now be done for second order differential equations by using (12a) or (13a) and for higher order differential equations by using the more complicated result of Ref. [1] .
